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Abstract
The QCD evolution of transverse momentum dependent (TMD) distribution functions has
recently been formulated in a parton branching (PB) formalism. In this approach, soft-gluon
coherence effects are taken into account by introducing the soft-gluon resolution scale and
exploiting the relation between transverse-momentum recoils and branching scales. In this
work we investigate the implications of dynamical, i.e., branching scale dependent, resolution
scales. We present both analytical studies and numerical solution of PB evolution equations
in the presence of dynamical resolution scales. We use this to compare PB results with
other approaches in the literature, and to analyze predictions for transverse momentum
distributions in Z-boson production at the Large Hadron Collider (LHC).
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1. Introduction
Theoretical predictions for precision physics at high-energy hadron colliders require methods for QCD
resummations [1] to all orders in the strong coupling. For observables sensitive to Sudakov resummation,
transverse momentum dependent (TMD) parton distribution and decay functions [2] provide a theor-
etical framework to both carry out resummed perturbative calculations and incorporate systematically
nonperturbative dynamics.
In Refs. [3,4] a method has been proposed to treat TMDs in a parton branching (PB) formalism. The
method is based on the unitarity picture of parton evolution [5,6], and takes into account color coherence
of soft-gluon radiation [7–10] and transverse momentum recoils. It introduces the soft-gluon resolution
scale to separate resolvable and non-resolvable branchings, and Sudakov form factors to express partonic
probabilities for no resolvable branchings in a given evolution interval.
An important point in obtaining TMD distributions from the PB method concerns the ordering vari-
ables used to perform the branching evolution. Because the transverse momentum generated radiatively
in the branching is sensitive to the treatment of the non-resolvable region [11], a supplementary condi-
tion is needed to relate the transverse momentum recoil and the scale of the branching. This relation
embodies the well-known property of angular ordering, and implies that the soft-gluon resolution scale
can be dynamical, i.e., dependent on the branching scale.
In this paper we investigate the effects of dynamical resolution scales on TMD evolution and on
collider observables. Using a mapping between branching scales and transverse momenta, we discuss
the resolvable radiation regions and PB evolution equations. We solve these equations with dynamical
resolution scale numerically by applying the Monte Carlo solution techniques developed in [3, 12]. We
compare the PB results with results from two other approaches: the coherent branching approach of [9,10]
(CMW) and the single-emission approach of [13–16] (KMRW). We present an application of our formalism
to the Z-boson transverse momentum distribution in Drell-Yan (DY) production [17] at the LHC, and
study its sensitivity to dynamical resolution scales at low transverse momenta.
The paper is organized as follows. In Sec. 2 we recall the basic elements of the PB approach, introduce
the dynamical soft-gluon resolution scale, and describe the resolvable and non-resolvable emission regions.
In Sec. 3 we map branching scales to transverse momenta, and give the corresponding form of PB
equations. In Sec. 4 we use these results to perform analytic comparisons of multiple-emission and single-
emission TMD approaches. We compare PB results with KMRW and CMW results. In Sec. 5 we solve the
PB evolution equation with dynamical resolution scale by numerical methods, and present predictions
for the Z-boson transverse momentum spectrum at the LHC. We give conclusions in Sec. 6.
2. PB TMDs and soft-gluon angular ordering
In this section we summarize the main elements of TMD evolution in the PB formalism, stressing in
particular the aspects associated with soft-gluon angular ordering.
In the PB approach [3, 4] the TMD evolution equations can be written as
A˜a
(
x,k, µ2
)
= ∆a
(
µ2, µ20
)
A˜a
(
x,k, µ20
)
+
∑
b
∫
d2µ′
piµ′2
Θ
(
µ2 − µ′2)Θ (µ′2 − µ20)
×
∫ 1
x
dz Θ (zM (µ′)− z)
∆a
(
µ2, µ20
)
∆a (µ′2, µ20)
PRab
(
z, αs(b(z)
2µ′2)
)
A˜b
(x
z
,k + a(z)µ′, µ′2
)
, (1)
where A˜a
(
x,k, µ2
)
= xAa
(
x,k, µ2
)
is the momentum-weighted TMD distribution of flavor a, carrying
2
the longitudinal momentum fraction x of the hadron’s momentum and transverse momentum k1 at
the evolution scale µ; z and µ′ are the branching variables, with z being the longitudinal momentum
transfer at the branching, and µ′ =
√
µ′2 the momentum scale at which the branching occurs; PRab are
the real-emission splitting kernels; ∆a is the Sudakov form factor, given by
∆a(µ
2, µ20) = exp
[
−
∑
b
∫ µ2
µ20
dµ′2
µ′2
∫ 1
0
dz Θ (zM (µ′)− z) z PRba
(
z, αs
(
b(z)2µ′2
))]
. (2)
The initial evolution scale is denoted by µ0.
The functions a(z), b(z) and zM (µ′) in Eqs. (1) and (2) encode features associated with the ordering
variables used to perform the branching evolution, and are specified below.
An iterative Monte Carlo solution of Eq. (1) is obtained in Ref. [4], and is represented pictorially in
Fig. 1. The distribution of flavor a at scale µ is written, as a function of x and k, as a sum of terms
involving, iteratively, no branching between µ0 and µ, then one branching, then two branchings, and so
forth. The transverse momentum k, in particular, arises from this solution by combining the intrinsic
transverse momentum (in the first term on the right hand side of Eq. (1)) with the transverse momenta
emitted at all branchings.
+ + + ...a
µ0
µ
b
a
µ′
µ0
µ
c
b
a
µ′
µ′′
µ0
µ
Figure 1: Solution of the branching equation by iteration.
Let us examine a(z), b(z) and zM (µ′) in Eqs. (1) and (2). The function a(z) in the last factor on
the right hand side of Eq. (1) gives the relation between the scale of the branching and the transverse
momentum of the emitted parton. In the case of angular ordering one has [4]
a(z) = 1− z , (3)
and the transverse momentum q⊥ of the emitted parton is related to the branching scale µ′ by [4]
q2⊥ = (1− z)2µ′2 . (4)
The function b(z) specifies the momentum scale in the running coupling αs. For angular ordering one
has [9, 10,18]
b(z) = 1− z , (5)
so that the coupling is evaluated at the transverse momentum scale,
αs
(
b(z)2µ′2
)
= αs
(
q2⊥
)
. (6)
The function zM (µ′) specifies the soft-gluon resolution scale [3] which separates the region of resolvable
branchings (z < zM ) from the region of non-resolvable branchings (z > zM ), for any given µ′. Let us
1We use the notation k = (k0, k1, k2, k3) = (Ek,k, k3), where k = (k1, k2), and k⊥ = |k|.
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denote by q0 the minimum transverse momentum with which any emitted parton can be resolved, so
that
q⊥ > q0 . (7)
By inserting the angular ordering relation (4) into Eq. (7), the condition for resolving soft gluons is given
by z < zM (µ′) with [4–6]
zM (µ
′) = 1− q0/µ′ , (8)
where the momentum scale q0 is understood to be q0∼>ΛQCD.
The role of the functions a(z) in Eq. (3) and b(z) in Eq. (5) has been analyzed in Refs. [18–20] for
TMD applications to DY processes. In this work we concentrate on implications of the resolution scale
zM (µ
′) in Eq. (8).
By integrating the TMD distributions in Eq. (1) over transverse momenta one obtains collinear
initial-state distributions,
f˜a
(
x, µ2
)
=
∫
d2k
pi
A˜a
(
x,k, µ2
)
. (9)
It has been shown in [3, 4] that for zM → 1 and αs → αs(µ′2) these are collinear parton distribution
functions satisfying DGLAP evolution equations [21–24].2 On the other hand, for general zM and αs of
the form in Eq. (8) and Eq. (6) the evolution equation for f˜a is given by
f˜a(x, µ
2) = ∆a(µ
2, µ20)f˜a(x, µ
2
0) +
∑
b
∫ µ2
µ20
dµ′2
µ′2
∫ 1
x
dz
× Θ(1− q0/µ′ − z) ∆a(µ
2, µ20)
∆a(µ′2, µ20)
PRab
(
z, αs
(
(1− z)2µ′2)) f˜b (x
z
, µ′2
)
. (10)
The kernels of the evolution equations (1) and (10) have support in the resolvable emission region
x < z < zM . We depict this region in the (µ′, z) plane in Fig. 2, with the dynamical resolution scale
(8). Fig. 2(a) represents the case of contributions to the distribution function with x ≥ 1− q0/µ0, while
Fig. 2(b) represents the case of x < 1− q0/µ0.
3. Mapping evolution scales to transverse momenta
We next recast the parton-branching evolution and separation between resolvable and non-resolvable
branchings in terms of longitudinal momentum fractions and transverse momenta. To this end, we exploit
the angular ordering relation in Eq. (4) to map branching scales on to transverse momenta for the
resolvable regions in Fig. 2.
Given the minimum transverse momentum q0 and the lowest scale µ0 of the branching, for any x
it is useful to distinguish the two cases illustrated in Fig. 2, depending on whether a) µ0 ≤ q0/(1 − x)
or b) µ0 > q0/(1 − x). For any z with x ≤ z ≤ 1, in case a) the emitted transverse momentum spans
the interval q0 ≤ q⊥ ≤ µ(1 − z), while in case b) we have µ0(1 − z) ≤ q⊥ ≤ µ(1 − z). This results into
different forms of the branching equations in the two cases, once they are expressed directly in terms of
transverse momenta.
3.1. Case a) 1 > x ≥ 1− q0/µ0
For x ≥ 1−q0/µ0 the resolvable emission region is mapped to the domain in the (z, q⊥) plane pictured in
Fig. 3(a). We change integration variable from µ′ to q⊥ in the branching equation (10) using the angular
2The convergence to DGLAP at leading order (LO) and next-to-leading order (NLO) has been verified numerically in [4]
against the evolution program [25] at level of better than 1% over a range of five orders of magnitude both in x and in µ.
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Figure 2: The angular ordering condition zM (µ′) = 1 − q0/µ′ with the resolvable and non-resolvable
emission regions in the (µ′, z) plane: a) the case 1 > x ≥ 1− q0/µ0; b) the case 1− q0/µ0 > x > 0.
ordering relation (4). Then Eq. (10) can be recast in terms of transverse momenta as
f˜a(x, µ
2) = ∆a(µ
2, µ20)f˜a(x, µ
2
0) +
∑
b
∫
dq2⊥
q2⊥
∫ 1
x
dz Θ(q2⊥ − q20) Θ(µ2(1− x)2 − q2⊥)
× Θ(1− q⊥/µ− z) ∆a(µ
2, µ20)
∆a (q2⊥/(1− z)2, µ20)
PRab
(
z, αs
(
q2⊥
))
f˜b
(
x
z
,
q2⊥
(1− z)2
)
. (11)
3.2. Case b) 1− q0/µ0 > x > 0
For x < 1− q0/µ0 the resolvable emission region is mapped to the domain in the (z, q⊥) plane pictured
in Fig. 3(b). Performing the same change of integration variable in Eq. (10) as in case a) of the previous
subsection, we recognize that now a subtraction term arises from the low-q⊥ region, q0 < q⊥ < (1−x)µ0,
so that Eq. (10) is rewritten in terms of transverse momenta as
f˜a(x, µ
2) = ∆a(µ
2, µ20)f˜a(x, µ
2
0) +
∑
b
∫
dq2⊥
q2⊥
∫ 1
x
dz
[
Θ(q2⊥ − q20) Θ(µ2(1− x)2 − q2⊥)
× Θ(1− q⊥/µ− z)−Θ(q2⊥ − q20) Θ(µ20(1− x)2 − q2⊥) Θ(1− q⊥/µ0 − z)
]
× ∆a(µ
2, µ20)
∆a (q2⊥/(1− z)2, µ20)
PRab
(
z, αs
(
q2⊥
))
f˜b
(
x
z
,
q2⊥
(1− z)2
)
. (12)
We observe that the first term in the square bracket in Eq. (12) is a contribution analogous to that in
Eq. (11), while the second term in the square bracket provides the low-q⊥ subtraction.
Alternatively, the branching kernel in the case x < 1 − q0/µ0 can be expressed as a sum of two
contributions, corresponding respectively to the q⊥ < (1 − x)µ0 region and q⊥ > (1 − x)µ0 region, as
follows
f˜a(x, µ
2) = ∆a(µ
2, µ20)f˜a(x, µ
2
0) +
∑
b
∫
dq2⊥
q2⊥
∫ 1
x
dz
[
Θ(q2⊥ − q20)Θ(µ20(1− x)2 − q2⊥)
× Θ(z + q⊥/µ0 − 1)Θ(1− q⊥/µ− z) + Θ(q2⊥ − (1− x)2µ20)Θ(µ2(1− x)2 − q2⊥)
5
× Θ(1− q⊥/µ− z)
] ∆a(µ2, µ20)
∆a (q2⊥/(1− z)2, µ20)
PRab
(
z, αs
(
q2⊥
))
f˜b
(
x
z
,
q2⊥
(1− z)2
)
. (13)
Here the two terms of the sum in the square bracket, given by products of Θ functions, describe the
low-q⊥ and high-q⊥ contributions.
Figure 3: Resolvable and non-resolvable emission regions in the (z, q⊥) plane for evolution in the cases
a) 1 > x ≥ 1− q0/µ0 and b) 1− q0/µ0 > x > 0.
In the next section we will use the form for the branching equations derived above, along with the
formulas of Sec. 2, to carry out a comparison of the PB method [3, 4] with other existing approaches in
the literature. We will analyze in particular different treatments of the QCD parton cascade, in which
the transverse momentum is generated either through multiple emissions or through a single emission.
4. Multiple-emission versus single-emission approaches
As an approach based on the unitarity picture [5, 6] of parton evolution and angular ordering, the
PB method [3, 4] can naturally be compared with the coherent branching approach [9, 10] of Catani-
Marchesini-Webber (CMW). Since Refs. [9,10] do not construct TMD distributions, we examine branch-
ing equations in the PB and CMW approaches at the level of integrated distributions. At this level, we
observe that Eq. (10) agrees with the CMW result — see Eqs. (42), (49) and Sec. 3.4 of [9]. In Ref. [9]
this branching equation is studied at LO with one-loop splitting kernels and running coupling, while
in Ref. [3] (and in the present paper) it is studied at NLO with two-loop splitting kernels and running
coupling.3
The Kimber-Martin-Ryskin-Watt (KMRW) approach [13–16], on the other hand, is designed to con-
struct TMD unintegrated distributions. In contrast to the PB method, in which the transverse momentum
and the branching scale are calculated at each branching as illustrated in Fig. 1, KMRW is a one-step
evolution approach: it performs evolution in one scale up to q2⊥, while the second scale is generated only
3The treatment in Ref. [3] incorporates in particular the two-loop correction to the coupling which is shown in [10] to
be required to obtain next-to-leading-logarithmic accuracy in the soft-gluon resummation.
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in the last step of the evolution. The KMRW physical picture is thus quite different from that of PB and
CMW. In particular, in KMRW the transverse momentum is produced as a result of a single emission,
while in PB it is built from multiple emissions.
We next perform comparisons of KMRW and PB distributions. In the KMRW literature, the distinc-
tion between the values of the two momentum scales µ0 and q0 discussed in Sec. 3 is not made. For the
purpose of this comparison, therefore, we set q0 ≈ µ0 in the formulation of Sec. 3, and we will thus be
using the branching equation valid in case a) of Subsec. 3.1, Eq. (11).
4.1. Comparison with the KMRW approach
In the KMRW approach the TMD distribution is written as [13–16]
D˜a(x, µ
2, q2⊥) = Ta(µ
2, q2⊥)
∑
b
∫ 1−C(q⊥,µ)
x
dzPRab
(
z, αs(q
2
⊥)
)
f˜b
(x
z
, q2⊥
)
, (14)
where the Sudakov form factor is given by
Ta(µ
2, q2⊥) = exp
[
−
∫ µ2
q2⊥
dq′2⊥
q′2⊥
∑
b
∫ 1−C(q′⊥,µ)
0
dzzPRba
(
z, αs
(
q′2⊥
))]
, (15)
and the collinear density f˜a(x, µ2) obeys the evolution equation
f˜a(x, µ
2) = f˜a(x, µ
2
0)Ta(µ
2, µ20)
+
∫ q2⊥M
µ20
dq2⊥
q2⊥
(
Ta(µ
2, q2⊥)
∑
b
∫ 1−C(q⊥,µ)
x
dzPRab
(
z, αs(q
2
⊥)
)
f˜b
(x
z
, q2⊥
))
. (16)
The phase space parameters C(q⊥, µ) and q⊥M in the above formulas are assigned according to two
distinct prescriptions [13–16,26] in the KMRW approach:
C(q⊥, µ) = q⊥/µ , q⊥M = µ(1− x) for KMRW strong ordering (17)
and
C(q⊥, µ) = q⊥/(q⊥ + µ) , q⊥M = µ(1− x)/x for KMRW angular ordering. (18)
Having mapped the PB evolution onto transverse momenta in Sec. 3, we are in a position to directly
compare the PB and KMRW results. By considering Eq. (11) and Eq. (16) with KMRW strong ordering
conditions (17), we recognize that PB and KMRW differ in the momentum scales at which both the
Sudakov form factor and the collinear density f˜b are evaluated, as KMRW uses transverse momenta
whereas PB uses transverse momenta rescaled by 1/(1 − z). From Eq. (11) and Eq. (16) with KMRW
angular ordering conditions (18), we recognize that in this case PB and KMRW, besides differing in the
arguments of Sudakov factor and collinear density, differ also in the phase space regions in longitudinal
and transverse momenta that are populated by the radiative processes.
We thus see that, also taking into account the possible prescriptions in Eqs. (17) and (18), the one-step
picture of KMRW leads to different results from the multiple-emission PB picture. In Sec. 5 we illustrate
the implications of these differences by performing numerical calculations for the TMD distributions that
result from evolution in the two approaches, and examining the corresponding predictions for the DY
Z-boson transverse momentum spectra at the LHC.
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4.2. Remark on Sudakov form factors
It is worth noting that the definition of the Sudakov form factor itself plays a different role in the context
of the PB approach and the KMRW approach.
In the PB approach the Sudakov form factor ∆a(µ2, µ20) has the interpretation of probability for no
resolvable branching in a given evolution interval from µ0 to µ, and fulfills the property
∆a(µ
2, µ˜2)∆a(µ˜
2, µ20) = ∆a(µ
2, µ20) (19)
for any evolution scale µ˜.
For example, for the Sudakov form factor in the angular-ordered evolution we use
∆a(µ
2, µ20) = exp
(
−
∑
b
∫ µ2
µ20
dµ′2
µ′2
∫ 1−q0/µ′
0
dz z PRba
(
z, αs
(
(1− z)2µ′2))) , (20)
for which Eq. (19) is fulfilled. Upon mapping to transverse momenta, this becomes
∆a(µ
2, µ20) = exp
[
−
∑
b
(∫ µ2
µ20
dq2⊥
q2⊥
∫ 1−q⊥/µ
0
dz +
∫ µ20
q20
dq2⊥
q2⊥
∫ 1−q⊥/µ
1−q⊥/µ0
dz
)
z PRba
(
z, αs
(
q2⊥
))]
, (21)
for which Eq. (19) is still fulfilled.
On the other hand, using the KMRW expression in Eq. (15), Eq. (19) is not fulfilled. Rather, one has
Ta(µ
2, k2⊥)Ta(k
2
⊥, µ
2
0) = Ta(µ
2, µ20) exp
(∑
b
∫ k2⊥
µ20
dq2⊥
q2⊥
∫ 1−C(q⊥,µ)
1−C(q⊥,k⊥)
dz z PRba(z, αs(q
2
⊥))
)
. (22)
This implies that, besides the different treatment of radiative processes noted in Subsec. 4.1, we observe
differences between the single-emission and multiple-emission approaches also in the treatment of the
non-resolvable processes. We may expect that the features noted in Subsec. 4.1 and in this subsection
will lead to different behaviors in transverse momentum distributions both at high transverse momenta
and at low transverse momenta.
5. Numerical results
We investigate next the numerical implications of the analysis in the previous sections on TMD distri-
butions and DY spectra.
5.1. TMDs from PB and KMRW
In this section we present numerical results for TMD distribution functions from the PB approach with
dynamical resolution scale. We perform numerical comparisons with KMRW TMDs. The results are
shown as functions of flavor, longitudinal momentum fraction x, transverse momentum k⊥, evolution
scale µ.
KMRW TMD distribution sets have been obtained in [27] according to the KMRW angular ordering
prescription (18), using the CT10nlo PDF [28] set as a starting collinear distribution and a flat paramet-
erization for k⊥ < 1 GeV as an intrinsic k⊥ distribution at starting scale µ0. These distributions have
been included in the TMDlib library [29] under the name MRW-CT10nlo.4
4Strictly speaking, the TMD set MRW-CT10nlo has been obtained using the differential definition of KMRW TMDs
(see e.g. [26, 27]). We have performed also studies with KMRW TMDs defined according to the integral definition (as in
Eq. (14)) and we have verified that our conclusions remain valid.
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To evaluate PB TMDs, we solve numerically Eq. (1), with the angular ordering condition in Eq. (4),
the dynamical resolution scale in Eq. (8) where we take q0 = 1 GeV, and the scale of αs in Eq. (6). We use
the Monte Carlo solution method developed in [3, 4] and implemented in the package uPDFevolv [12].
Following [18], we take intrinsic k⊥ distribution given by a simple gaussian at starting scale µ0 with
(flavor-independent and x-independent) width σ = k0/
√
2, k0 = 0.5 GeV. For the purpose of performing
comparisons with the KMRW TMD set MRW-CT10nlo, we take the same starting collinear distribution
CT10nlo [28]. We also note that the infrared region with the Landau pole of the coupling in Eq. (6) is
avoided by using the dynamical resolution scale (8) with q0 = 1 GeV.
In addition, we introduce an approximation to the PB framework, which we refer to as “PB-last-step”,
which is obtained from PB by taking the same settings as the full PB calculation but restricting the
transverse momentum k⊥ to the last emission only. We use the PB-last-step Monte Carlo simulation as
a guidance to distinguish effects from single emission and multiple emissions.
In Fig. 4 we show results for the k⊥ dependence from PB, MRW-CT10nlo and PB-last-step calcula-
tions, at different values of x and µ.5 We may distinguish three regions of low k⊥, middle k⊥ and high
k⊥, characterized by distinct behaviors. Significant numerical differences between PB and KMRW show
up especially in the extreme regions k⊥  µ and k⊥  µ, while in an interval of middle values around
k⊥ ∼ µ the two predictions tend to become closer.
In particular, we observe that at low k⊥ the smearing of the intrinsic k⊥ distribution due to evolution
gives rise to different behaviors in the single-emission and multiple-emission cases. The kink at low k⊥
in MRW-CT10nlo is a consequence of the single-emission picture, and is not present in the full PB case,
where multiple branchings are responsible for generating the transverse momentum.
We also observe that at high k⊥ the MRW-CT10nlo distribution is far harder than PB and PB-last-
step. This reflects the different pattern of radiative contributions in KMRW from PB, illustrated in Sec. 4.
As noted in [27], the treatment of the Sudakov form factor for k2⊥ > µ
2 influences the MRW-CT10nlo
high k⊥ tail.
On the other hand, notice that MRW-ct10nlo and PB are closer in the middle range of k⊥ comparable
to the scale µ. In this range, the differences between KMRW and PB approaches in the parton-density
and Sudakov-factor rescaling and phase space, discussed in the previous section, compensate for KMRW
not taking into account all previous emissions compared to PB. The net effect is that the behaviors of
KMRW and PB are not too dissimilar for mid k⊥.
Results for the x dependence from PB, MRW-CT10nlo and PB-last-step calculations are shown in
Fig. 5, illustrating that the effects noted above persist over a broad range in x.
In Fig. 6 the results of integrating MRW-CT10nlo, PB and PB-last-step TMDs over the transverse
momentum k⊥ at a given evolution scale µ are shown as functions of x. Results are shown for integrating
TMDs over k⊥ < µ (Fig. 6(left)) and over all k⊥ (Fig. 6(right)). For comparison, we also plot CT10nlo
distributions at the same µ. In the lower parts of the figure the ratios of integrated TMDs to CT10nlo
are plotted. As expected, we observe that none of the distributions integrate to CT10nlo, given that the
resolution scale zM is far from 1, and the scale of the running coupling αs is q⊥ — see remarks below
Eq. (9). In the case of integrating over all k⊥ (Fig. 6(right)) we note that MRW-CT10nlo gives rise to
a much higher distribution than all other curves, implying that the MRW-CT10nlo high-k⊥ tail has a
significant impact at integrated level for most values of x. On the other hand, when integrating over
k⊥ < µ (Fig. 6(left)) the deviation of MRW-CT10nlo from collinear CT10nlo is smaller than that of
PB, which is a further manifestation of the differences between the KMRW and PB physical pictures
illustrated in Sec. 4.
5The plots in Figs. 4-6 are obtained using the TMDplotter tool [29,30].
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Figure 4: TMDs from PB and KMRW as functions of transverse momentum for different parton species
and different values of longitudinal momentum fraction x and evolution scale µ.
10
Figure 5: TMDs from PB and KMRW as functions of x.
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Figure 6: The results of integrating TMDs over k⊥ < µ (left) and over all k⊥ (right) as functions of x.
5.2. DY Z-boson p⊥ spectrum
Z-boson transverse momentum spectra in DY di-lepton production have been measured with high pre-
cision at the LHC [31–34]. In the region of transverse momenta p⊥ small compared to the di-lepton
invariant mass, the spectrum is sensitive to Sudakov resummation. Reliable theoretical predictions re-
quire soft-gluon resummations and nonperturbative contributions, which can be included by using the
TMD theoretical framework. We here follow the treatment [18] to apply PB TMDs to the DY p⊥ spec-
trum. We obtain predictions for the Z-boson distribution based on PB TMDs that include effects of
dynamical soft-gluon resolution scale. We compare them with KMRW results. We perform a comparison
of theoretical results with the LHC measurements [31].
Following [18], as we are interested mainly in the low p⊥ region of the DY spectrum we use on-shell
LO matrix elements (in the format of Les Houches Event (LHE) file [35]) generated by Pythia Monte
Carlo [36]. The transverse momentum of the initial state partons is calculated according to the TMDs
and added to the event record in such a way that the mass of the produced DY pair is conserved, while
the longitudinal momenta are changed accordingly. This procedure is common in standard parton shower
approaches [37,38] and is implemented in the Cascade package [39]. Events in HEPMC [40] format are
produced and analyzed with Rivet [41].
In Fig. 7 predictions for the Z boson p⊥ spectrum at the LHC with
√
s = 8 TeV are shown using
MRW-CT10nlo and PB TMDs, and compared to the ATLAS measurements [31]. For reference, we also
plot PB results for fixed (non-dynamical) resolution scale zM using the PB TMD Set-2 of Ref. [18]. We see
that the MRW-CT10nlo calculation and PB calculation with dynamical zM give rise to different shapes
in the Z-boson p⊥ spectrum both in the region of low p⊥ around the peak and in the region of high p⊥
toward the upper end of the transverse momentum range shown. There is an interval of intermediate p⊥
in which they are less dissimilar. The agreement of the PB calculation with the measurements is good,
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Figure 7: Predictions for the Z-boson p⊥ spectrum obtained with PB and MRW-CT10nlo TMDs com-
pared to the 8 TeV ATLAS measurement [31].
while MRW-CT10nlo does not describe the high p⊥ region, and the slope at low p⊥.
Fig. 7 also illustrates the effect of the soft-gluon dynamical resolution scale by comparing PB predic-
tions with fixed and dynamical zM . We see that the slope of the p⊥ spectrum is affected by dynamical
zM particularly in the low p⊥ region. The results indicate that measurements of the Z boson p⊥ with
high resolution in the region p⊥∼< 5 - 10 GeV will allow one to probe quantitatively effects of soft-gluon
angular ordering and dynamical resolution scales. This will also be relevant to investigate effects from
transverse momentum dependence in the branching probabilities (see e.g. [42, 43]).
We have limited ourselves to showing results for central values of the predictions, because TMD
uncertainties in the case of dynamical zM are not yet available. The results obtained provide a strong
motivation for extending the PB TMD fits and determination of TMD uncertainties [18] to include
dynamical resolution scales. We leave this to future work.
6. Conclusions
In this paper, using the PB method [3, 4] for angular-ordered TMD evolution, we have studied physical
implications of the dependence of the soft-gluon resolution parameter on the branching scale. Mapping
the phase space of resolvable and non-resolvable emissions from (µ′, z) space to (z, q⊥) space, we have
written down the corresponding form of the evolution kernel. We have established the comparison of
the PB formulation with other existing formulations, notably the ones known as CMW [9, 10] and
KMRW [13–16].
On one hand, we find that the PB formula coincides with CMW at the level of integrated distributions.
CMW was originally developed by evaluating splitting kernels at LO, while we evaluate the kernels at
NLO. On the other hand, we find significant differences of PB with respect to KMRW, which can be
traced back to the fact that PB builds the initial-state transverse momentum from multiple emissions,
while KMRW builds it from single emission — the last step in the initial-state evolution cascade. We
examine these differences in detail both analytically and numerically. We find that the numerical effects
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are large in the extreme regions of low k⊥ and high k⊥, but small in the middle k⊥ region.
We apply the results to the evaluation of the DY Z-boson p⊥ spectrum and comparison with LHC
measurements. We compare PB versus KMRW, finding significantly different behaviors in the low-p⊥ and
high-p⊥ regions. We study the sensitivity of the Z-boson spectrum to effects of the soft-gluon resolution
scale, and observe that these could be accessed by detailed measurements of the Z-boson transverse
momentum with fine binning in the region p⊥∼< 5 - 10 GeV.
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